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THE HEAT EQUATION WITH A SINGULAR POTENTIAL
BY
PIERRE BARAS AND JEROME A. GOLDSTEIN'

ABSTRACT. Of concern is the singular problem du/dt = Au + (¢/|x[*)u + f(1, x),
u(x,0) = uy(x), and its generalizations. Here ¢ = 0, x € RY, ¢ > 0, and f and u,, are
nonnegative and not both identically zero. There is a dimension dependent constant
C,(N) such that the problem has no solution for ¢ > C (N). For ¢ < C (N)
necessary and sufficient conditions are found for f and u, so that a nonnegative
solution exists.

1. Introduction. Of concern is the heat equation with a potential
Qu/0t — Au= V(x)u+ f(x,1)
for >0 and x € € C R". Take either 2 = R" or else © to be a bounded domain
containing B, = {x € R": | x|< 1}, in which case we impose the Dirichlet boundary
condition

u(x,1) =0 forx € 9Q.
The initial condition is
u(x,0) = ug(x), x€Q.

We take uy, f= 0 and 0 < V € L*(Q\ B,) (where B, = {x: | x|< ¢}) for each ¢ > 0,
but V is singular at the origin. The question is: How singular must V be to prevent a
solution u from existing? The answer, informally stated, is that V is too singular if
V(x) > C,(N)/|x [ near x = 0, while V is not too singular if V(x) < C,(N)/|x
near x = 0, where C,(N) = (N — 2)/2)%, for N =1,2,3,....

Let us be more precise. Let 2 be a domain in RY with B, C @ C RY. If @ # R" let
the boundary of @ be nice enough. Let

Vix)=c/Ix}, x€Q,
where ¢ > 0. Consider the problem

u/dt — Au=V,u inQ X]0, T,

Q) u=0 ondQ Xx]0, T,
u(0, x) = up(x) inQ
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122 PIERRE BARAS AND J. A. GOLDSTEIN

with uy = 0 and u, = 0 (i.e. u, not equal to zero a.e.). Here 0 < T < o0. Because V
is so singular at the origin it is not clear if a solution u of (Q) exists. So we
approximate V', by
Vu(x) = min{V,(x), n},
and we let u, be the unique nonnegative solution of
du/dt — Au= V,u,. inQ X]0, T[,
Q,) u,=0 ondQ Xx]o, T,
u,(0, x) = ug(x) inQ.
Note that u,, exists if u, satisfies some innocuous conditions, which we assume. Let
CuN) = ((N-2)/2)".
It will follow from the results of this paper that, if u,, is the solution of (Q,,), then:

MDIfO0<c<C,N),thenlim,_ , u,(x,t) = u(x,t) exists and u is a solution of
Q.

) If ¢ > C(N), then lim,,_, ,, u,(x,¢) = oo forall (x,7) € @ X 10, T[.

In the existence result (I), by an argument using the maximum principle we can
replace V,, V, by V., V,, respectively, where V,(x) < V,(x) ae. for each n.
Similarly, in the nonexistence result (II) we can replace V,, V, by V,, ¥, where
V.=V, ae. for each n (or at least ¥, >V, ae. in a fixed neighborhood of the
origin).

Two proofs will be given of the nonexistence result. One, based on the techniques
of the theory of partial differential equations, is closely related to the existence
results such as (I). The other, for the case of & = RY, is probabilistic and is based on
the Feynman-Kac integral formula. This represents, to our knowledge, the first such
application of the Feynman-Kac formula to a nonexistence question in partial
differential equations.

In the next section the main results are stated. §§3-5 contain the proofs based on
the techniques of partial differential equations. The probabilistic proof is given in
§6. §7 contains complements and remarks.

It is a pleasure to thank Haim Brezis and J.-L. Lions for posing the questions
considered here and Brezis for his continued interest in the work. One of us (J. G.)

also thanks John Liukkonen and Steve Rosencrans for discussions about Brownian
motion.

2. Statements of the main results. Let £ be a domain satisfying B, C  C R". If
N =1 we delete the origin so that 0 & Q; for simplicity we may take & = ]0, R[
where | S R< 0. Let0 < V€ L) (Q),let 0 <fe L'(Q X 10, T[), and let u, be a
nonnegative function in L'(2), or, more generally, let u, be a finite (positive) Radon
measure on §. Consider the problem of finding a function u such that
u=00nQ X (0,T), VuelL (2X]0,T]),
du/dt —Au=Vu+f inD' (2 x]0, T[),

esslim fu(t)qb =fq>u0 for all ¢ € D(Q).
-0t Jg Q

(P)
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Here D(Q) = C5°(2) with the usual topology; 9, the dual space of D, is a space of
distributions; and for typographical convenience, arguments of functions and dif-
ferentials in integrals will be omitted when no confusion can arise.

We shall attack (P) by studying the approximate problem
ou,/dt — Au, = Vyu, + f, inD(Q x]0, T[),
u,=0 ondQforallz€]0, T,

lim fgu,,(t)¢ = [ou, forall¢ € D(R),

(P,)

where f, = min{ f, n} and where ¥, € L*(Q),0< ¥V, <V, and ¥, 1 V a.e. in . Of
course, the Dirichlet boundary condition will be absent if @ = RY.

The problem (P,) has a unique bounded nonnegative solution which satisfies the
integral equation

(2.1) u,(t) = euy + f’e(’_s)AVnu,,(s) ds + f’e"")Af,,(s) ds,
0 0

where {e’®: ¢ = 0} denotes the semigroup generated by A with Dirichlet boundary
conditions; note that the perturbation V, defines a bounded multiplication operator
on L”(Q) for all p. Also,

(22) (eu)(x) = fg e8,(y)u(y) dy.

The sequence of nonnegative functions {u,} is clearly increasing.

PROPOSITION 2.1. (i) Suppose there is an (xg,t,) € Q X 10, T[ such that
lim,,_, , u,(xg, ty) < 00. Then (P) has a nonnegative solution on @ X 10, Ty[ for all
T, €10, to[. This solution is given by

(2.3) u(x,t) = nliglo u,(x,1)

a.e.in @ X 10, Ty[.
(i1) If (P) has a nonnegative solution in @ X 0, T|, then

lim u,(x,1) < o0
n—oc
a.e.in X 10,TI.

Thus the existence of a nonnegative solution of (P) depends only on the limiting
behavior of the solution of (P,). The borderline case concerns the potential given by

Vi(x) = {f{""z pxeon
if x € Q\ B,.
Let
C.(N) = ((N -2)/2)"
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THEOREM 2.2. (i) Let 0 <c < C,(N) and let the (measurable) potential V =0
satisfy V. € L®(Q\ B)). If V <V,  in B,, then (P) has a solution u if

(2.4) fﬂlxl‘“u0< 0, ‘[()Tfﬂf(x,s)|x|_"‘dxds< o)

where o is the smallest root of (N —2 —a)a =c. If V=V, in B, and if (P) has a
solution u, then

fg,lx|—au0< 0, fOT_efQ’f(x,S)lxl_“dXdS< ©

for each ¢ € )0, T[ and each Q' C C Q, where a is as above. If either uy Z 0 or f Z 0
in & X 10, [ for each ¢ € 10, T, then given Q' C C Q there is a constant C = C(e, )
> 0 such that

(2.5) u(x, 1) =C/\xl* if(x,t) € X[e T|.

(it) If ¢ > C(N), V=V, and either uy =0 or f Z 0, then (P) does not have a
solution.

Note that if we set ¢(x) =| x|~ %, then
Ap=¢,+(N—1)¢/r=ala+2—N)x|"7?,

so that —A¢/¢ = c/|x|*, where ¢ = (N — 2 — a)a is as in the above theorem.
Theorem 2.2 can be extended to cover potentials of the form V' = —A¢/¢ where
¢ >0, A¢ € L} (R), and a supplementary hypothesis is made (cf. Remark 7.3). In
this case the conditions on the data should be

j;z¢“o<°°, LTLf(x,s)¢(x)dxds<w.

When ¢(x) =|x|™% the condition A¢p € L(B,) becomes N — 2 — a > 0, which
holds if ¢ > 0 (and a > 0).
We finally note that the smaller root a of (N — 2 — a)a = c is given by

N-2 N-2\2
“——T"WV?“)‘J
when 0 < ¢ < C,(N). This is one of the technical ways in which C,(N) arises.

3. Proof of Proposition 2.1. We begin with the proof of Proposition 2.1. Part (ii) is
easy. If u is a nonnegative solution of (P), then u, < u holds for all n, whence

lim u,(x, ) <u(x,t)
n— oo

a.e. inQ X [0, T[.
Part (i) is more difficult. To start the proof, let v, = e‘u,,. Then
dv,/9t — Av, = (V, + 1)v, + e'f,.
Applying (2.1) and (2.2) to v, gives

(3.0 eouy(xo, t0) = [ (1078, )(D)(V(r) + Dy, s)e” dy .
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fQCCQand0<e<T,
inf{(e’AﬁxO')(y): (y,s) €@ X][e, T]} =¢,>0.
Therefore
ty—¢ lg—¢
(32) o[V )unly, ) dvds + o [* [ w(y,5) dyds < euy(xo, ).

By hypothesis (cf. (2.3)), u, increases and the right-hand side of (3.2) is bounded,
thus u, increases to u and V,u, increases to Vu in L'(Q X 10, ¢, — ¢[), and u is a
solution of (P) in the sense of distributions.

REMARK. This solution u satisfies the integral equation

u(x, 1) = [e0,(n)uo(y) + [ [ =8,V ()uly, 5) dyds

t
+ et ,8)dyd
[ [ 8.2 1(y, 5) dy s
a.e.in € X |0, ¢,[. By (3.1),

(y,8) > %8 (y)V(y)u(y,s) € L'(Q X]0, 1o])
since lim,,_, o, #,(x, t) = u(x,t) < oo a.e. in £ X ]0, #,[.

4. Proof of Theorem 2.2(i). We first show that assumption (2.4) on the data
implies the existence of a solution.

Let ¢(x) =|x|~* and let p € C*(R) be a convex function satisfying p(0) = p’(0)
= 0. Multiply the equation (cf. (P,)) satisfied by u, by p’(u,)¢ and integrate over
@ X [, ¢ for 0 < & <t < T. One gets, using integration by parts,

Lo+ ['[ i, 9 (p(u)8) = [ [ (Vi + 1)/ ()0 + [ p(1r(8))9,
whence, since p is convex,
[p)o+ [ p(un)(=20) < ['[ (Votn + )P ()0 + [ p(,(8))9-

Replace p(r) by a sequence p,(r) satisfying the hypotheses for p and converging to
|r|as m - oo. We obtain the limiting inequaltiy

@D fu(e+ [ fu(=80)< [ [V + 7)o+ [ (4,(8)9.

We want to let § — 0. First we claim that

fﬂu,,(ﬁ)qb —’j;z‘l’uo-

To see why this is so, note that

8
eBuy<u,(8) =0t iy, +f eB=NAHVIf (5) ds
0

)
< ey, +/(; eMOTO8f (5) ds
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if ||Vl <A, since
e8(A+ V,,)v0 = lim (eBA/me(ﬁ/m)V,,)”‘VO < es)\eb‘AVO
m— oo

by the positivity preserving property of {¢%*}. Thus
6A SA 8A 8A
[[(e*uo)o < [u,(8) < e [ (euq)o + e 6||fnuw(f9¢),
whence
sa — [ (.0 N
/;2(" u0)¢ /;z(e )y fQ‘P“o

as & — 0, as asserted. Letting § — 0 in (4.1), we deduce

/Qu,,(t)¢+f0'/ﬂu,,(—A¢)Sfo'fﬂl/,,u,,¢+f0‘fﬂm+fﬂ¢uo.

But
—A¢ = (N —2-a)a/|x["?> V¢
since ¢ = (N — 2 — a)a. Consequently

(4.2) fgun(t)¢ <f0'f9fn¢ +/Q¢'“0,

and therefore if

fo'fﬂfn¢+fﬂ¢uo<oo

we conclude that u,(x,t) increases to a finite limit u(x, ) as n — oo, for all
t €10, 7] and for ae. x € Q. By Proposition 2.1, this proves the first part of

Theorem 2.2(i).

Thus the problem (P) has a solution for u, = ¢(x)~'8, and f =0, where x €
2\ {0} is fixed. Let u, denote this solution and let & (y, ) = u (y, t)/$(y). Let
also h =u/¢, h, = u,/¢ where u and u, are the solutions of (P) and (P,) con-

structed above. We claim that

(43) k(60 =[R2, 000 )u0) + [ [ By, 1= 9)1(39)9().

For the proof, let 4, and v, satisfy
du,/3t — Au, = Vu,+f, u,=0 ondR,  u,(0)=u,;
9v,/3t — Av, = V,u,, ©,=0 ondf, 10,(0)=¢(x)"'s,.
Then

%fg“"(”"n(‘ —s)dx = fﬂf,,(S)v"(t — 5) dx,

whence

(4.4) fﬂu”(t —8)u,(8) dx = /;Zu,,(t —8)u,(8) dx + j;—sj;f,,(s)v,,(t — 5) dx ds.
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Asd -0,
u,(t —8) - u,(t) and v,(t—8)-0,(t) inC(Q),
0,(8) ~(x) '8, and u,(8)~u,

where — denotes weak convergence. Thus when & — 0 we obtain, from (4.4),
— t
45) (6, 0)8(x) " = [0,(r, Duo(¥) + [ [ 15, 5)ouy, 1 = 5).
Q 07g

When n - 0,
u(x, 1) tu(x, 1) = h(x,)¢(x),  ov,(y,1) 1h(y, )é(y),

and taking the limit in (4.5) gives (4.3).
Our next assertion is that if V=V, and u, Z0, for e >0 and & CC Q with
0 € @, there is a C > 0 such that

(4.6) h(x,t)=C
for all x € @ and ¢ € [, T[. For the proof we first recall that if u, = 0, there is a
positive constant C, such that e®uy(y) = C, if x € @ and ¢ € [¢/2, T[. Next u is
bounded below by the solution w of
w/dt — Aw = Vyw inD'(Q X [e/2, T[),
w=0 ond®?, w(y,e/2)=Cyxg(y) inQ,

and w is the (increasing) limit of the unique nonnegative solution w, of
ow,/0t — Aw, = V,w, inD’(Q X]e/2,T|),
w,=0 ondQ, w(y,e/2)=Cyxgl(y) inQ.
Choose a ball B in §’, centered at the origin and of radius r,. Then w, = v, where

0v,/0t — Av, = Vo, inD'(B X]e/2,T|),

4.7
(47) v,=0 ondB, v,(y,e/2)=C, inB,

where here and in the sequel, ¥V, = inf(V}, n). But v, is a radial function, ie. a
function of | x |= r alone. Thus

2 —
9o, 3%, (N-D3,_
ot or? r or e

(4.8)

dv, e\ _
0, 1) =0=5200,0),  v(r3) =6

Multiply (4.7) by (v,)?~'¢*~* for p > 1 and integrate to obtain

P
S (2] )« fonster e = [riesere
Setting k,, = v, /¢ we get

a( K ) _
= k2ot | +a(p— V)p 2 [ | vk2/2Pe? + [ k2(—Ap) V,kig?
3| 7 [Kie )| + 4 )72 [ |9k + [Ki(=a0)o = [
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Recall (cf. §2) that V,(x) < Vy(x) < —A¢/¢. Thus V,¢*> <(—A¢)¢ and conse-
quently

%(p"ka,&pz) <0,
whence fore/2 <t <T,
1/p

[fozo] "0 <af )

the right side being the value of the left side for t = ¢/2. Letting p — oo it follows
that k, < C, a.e. in B, which is equivalent to v, < Cy¢ a.e. in B. We are now justified
in setting

v=limv,, k= limk,.
n—oo n—oo
We will show that
(4.9 Co=k(x,t)=C, >0 fore<r<Tandae.x €3B.

(Here B =B, , ;B = B, ,, and k < (, is already proven.) Since
u=oh=w=w,=v,=>k,9,

(4.9) implies (4.6) with y € ' = 1B. And for y € @'\ (4 B) we have (since u = e"*uy)

h(y, 1) = ¢(y) (eup)(»)=C,>0
forally € @',
#(»)'=C,>0 inQ\4B,

where C, and C; are suitable constants. We now establish (4.9), using ideas of J.
Moser [4, 5].

Let g: [0, oo[ — [0, oo[ be convex and of class C2. Multiply (4.7) by g'(k,)g(k,)o¢>
where ¢ € D(B X e/2, T[) and integrate over Q = B X le/2, T[. We obtain

[ 3 (e a0k 9 + [ 9 (hk9) - 9 (5 (K )alk)ov2)

= [ Vikats (ke )5k, ) .
Straightforward computations give

[ v (ki9) - 9 (8/(k, gk, 99)
= [ v(k,) - V(g (k)glk,)ov?)o + [ kv v (g (k,)8(k,)097)
= [ (&" (k)| VK, Pa(k,)892) + [ | 98(k,) Po9?
+ [ (valk,) - vo)ov's(k,) + [ va(k,) -(v4?)g(k,)e?

+ [ (~8)k,g'(k,)g(k,)ow? = [ (V9 - va(k,))g(k, )92,
B B
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whence
[ 32 (sk,))) 9292 + [ 198k, P92
o2\ " 0 §
+ L8719k, (8(k)#97) + [ (98(K,) - 942)a(k,)8
+ [ (89K, g(k,) gk, 0¥ = [ Vikeot%8'(K, )8k, 92,
0 0

The third term on the left is nonnegative since g is convex and nonnegative; we will
integrate the first term by parts and for the fourth term use the trivial inequality

\2 [(vak,) - w9)ak,)6

1
< = | | vg(k,)Pe*y? + 2| | vy Pglk, e
2 1 vs(k) Py + 2 [ |vuPglk, o

We thus obtain

2"(Lg(kn)2¢2¢2)(t) + 2"fQ| ve(k,)Feiy? < fQ¢(Vn¢ + A9 )k, 8’ (k,)g(k,)¥?

+ [ 8, 21 09P + a7 ).

Now suppose ¢ A ¢ € LY(B) (which is equivalent to a < (N — 2)/2). Take B to
have sufficient by small radius. Since ¥, = —A¢/¢ the first term on the right side of
the above inequality tends to zero as n - oo by Lebesgue’s dominated convergence
theorem. (Here we are using ||k,||, < C, in B and the hypotheses on g.) Thus when
n — oo we obtain

(4.10)

[k 0@ + [ 19 (st e <2 gk (21 wup + 45 ).

Now choose ¢y sothat 0 <y <1,y =1inB,_s X [s +68,T], ¢ =0in (B X [0, 5])
U ((B\ B,) X [0, T]) where 0 < s, . We further suppose that
[3y/3t|< G/8, | VY[ <C(8?
where the constant C, is independent of the pair (s, §). Inequality (4.10) then yields
T T
4.11 k(1)) ’¢* + vg(k)Pe? < 6C,82 k)¢
@) [ k()6 + [ [ 19s(fet <6ca7 [ sk’

forallt €[s + 6, T|.
If 0 <r’<r<1and A is a nice function on [0, r], then

(4.12) (j(;rlh(s)|m~‘~_2a_'ds)2/m - Cs(for[lh,(s)lz +h(s)P]s"2e2 ds)

where 1/m=1/2 — 1/(N — 2a) (and m < oo if N — 2a = 2). The constant C
depends on r’ but not on .
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REMARK 4.1. If M > 2 is given and if
2<m<min{M,2(N — 2a)(N —2a — 2)" '},

then the constant C; in (4.12) is uniformly bounded for a € [0, (N — 2)/2].

A proof of (4.12) which contains a description of the constant C; is given in the
Appendix.

Define 8 by 8 +2/m=1 where | >2/m=1/2—1/(N — 2a). By Holder’s
inequality and (4.12) we get, for a nonnegative radial function 4,

2+28 ZS mg2 v h2 2 g
J e f e J e
<c5(fB|vh|2¢2+thquZ)(LhZ&)B

whence

(4.13) j;be’hz‘”zﬁ¢2<CS(j;ber(lth+h2)¢2) sup (fBth&)B(z).

ast<bh

From (4.11) we deduce

swp [ g(k(0)'¢? <6C57 [ [ 8(k)'6.

1E[s+8.,T] *B,—s

Note that x > g(k(x, t)) is, for fixed ¢, a radial function, so applying (4.13) with
[a, b] = [s + 8, T] and with B,_j in place of B, we get

fHa/ (k)" < ¢(6C,872 + 1 (ff (k)¢2)
(e[ f swre]

whence
(4.14)

([, g7

1/2
1/(1+8) o — T 2.2
<[c)72(6C, + 1)] 8 (/ fB,g("”’)

~co([fswre)

since the exponent of §is —y = —(1 + ) '(1 + B) = —land0<d <1
Let a > 0 be a small number and let

d=as2". r,=r—a/2", g =8&"F s =s,ta2",

)l/(2+ZB)

1,2
H,= (foB gn(k)2¢2)
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where g, = g, and r; and s, are given positive numbers. With this notation the
estimate (4.14) yields

H{{"P < -2"a"'H,,
whence, by induction,
H/+P < (Céa")“”zynHl(‘“’)"“z
where
—2"_2 . n—1 e
=(1+B)""20+8)7, v=20U+DA+B)" T
j=0 j=0

Now let n — oo. Since g, = g 7" we get

12
sup  glk(x,t)) <(Ca™'-20+A/B) (HB)/B(-[ / g(k)’o ) .

B, _,X[s;ta,T]

Replace g by a sequence {g;} satisfying the hypotheses and tending to 1/r” as
| - 00. We then obtain

sup 1/kY <(Ca 2(l+ﬁ)/B)"+B)/B(/ f k™ 2y¢2)l/2.
B, _,X[s,+a.T] B,
Now set

s, = 3e/4, a=z¢e/4, rn<r
where € > 0 is given (and 7 is as before, cf. the sentence preceding (4.7)). Note that

k(x,t) =0/¢>¢|x|"" (e"0)(x) = CoCro(x) ™"
for (x, 1) € B, X 13¢/4, T[ where the constant C; is independent of r; and & (but, of
course, C, depends on ¢, as before). Thus we obtain

1,2
sup kTY<GCive!” Vﬁ(f fqb““) ,
Br.—t/4X[5vT] 3e/4”B

which implies the estimate
—-1/2y
(4.15) k(x,t)= C9C0£(1+l/ﬁ)(l/y)(f ¢2+2y)
B

for a.e. x € B, _, 4 and for all ¢ € [¢, T]. Here the positive constant C, is indepen-
dent of the pa1r (r,, €). The estimate (4.9) is therefore established for a < (N — 2)/2,
and it also holds for the limiting case of « = (N — 2)/2.

[First of all, it is easy to see that y > 1 can be chosen so that [ ¢2+27 < o0 if
as<(N-—-2)/2 Infact,y =1+ 3/(N — 2) will do (for N = 3). Next the mapping
a - k(x,t) is continuous. To see why, note that the solution u, of (P) with
V(x) = (N — 2 — a)a/|x depends continuously (and monotonically) on a for
0 < a < (N — 2)/2. Therefore a — k| x| * is monotonically increasing, and so

—(N=2),2 -
kin—ny 2| X7 N2 = k| x|70
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Remark 4.1 implies that for 8 = 1 — 1/2m with m = min{M, 2(N — 2a)/(N — 2a
— 2)}, the constant C, in (4.15) is bounded below by a positive constant indepen-
dent of a € [0, (N — 2)/2]. Thus there is a C > 0 such that k| x|"* = C|x|™* for
x € 1B, t=¢eand a € [0, (N — 2)/2]. Hence

N-2)/2—
k(N—Z)/2>C|x|( Y2-e

where C is independent of a. A passage to the limit now gives the result.]

The estimate (2.5) is an immediate consequence of (4.6). To establish the rest of
Theorem 2.2 (i), apply (4.6) with u, = §,; we obtain the existence of a constant
C > 0 such that

h(y,t)=C/o(x) forall(x,y) eV XQ,t€[eT].
Then (4.3) implies

(4.16) o(x)h(x, 1) > cfgqmo + cfor_ffﬂﬁ.

If a solution u exists then necessarily h(x, ) < oo for ae. (x,¢) € 2 X 10, T].
Consequently the condition

sug<oo, [7f fo<oo
Q 0 Q

are necessary for the existence of a solution u. [

5. Proof of Theorem 2.2(ii). In this section we deduce it from the first part of the
theorem. An independent proof based on probability theory will be given in the next
section.

Let ¢ > C,(N). If (P) has a solution u Z 0, then one has

du/dt — Au= C (N)|x| 2u+ (c — C*(N)) | x| 2u
in 9’(Q X 10, T[). From part (i) we know that the solution exists only if
[c - C*(N)]u|x|_2qb e L'(Q x]0,T —¢[)

for ' CC Q and & > 0 (where we assume 0 € ©'). By part (i) (see (2.5)) we have
u=C|x|"MinQ X [e T[, whence | x| "2 72" & LY(Q'), which is false. O

While this is a short proof it is not a simple one in view of the estimates that went
into the proof of Theorem 2.2(i).

6. The Feynman-Kac formula applied to nonexistence. We consider the problem
(") du/dt =31Au+ V(x)u (x €RY,1>0),
u(x,0) = uy(x) (x €RVY),

where, as before, V' € LY (RY\{0}). The normalization factor 3 has been intro-
duced for the following reason: If ¥ is bounded above, then the unique nonnegative
solution of (P’) is given by

u(x.0) = [ exp( [ V(w(s)) ds Jug( (1)) P.(dw)
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where  is in the space of paths S = C([0, co[; RY) and where P,_ is the Wiener
probability measure starting at x, i.e. P, is supported on {w € S: w(0) = x}.

THEOREM 6.1. Suppose u,, is measurable, uy = 0 and uy Z 0. Suppose further that
V(x) = v(| x|) where v is a nonnegative measurable function on [0, o[ satisfying

2.2

(6.1) liminfr2»(r) > Ng"
r—0%

Let (P,) be the problem (P’) but with V replaced by V,, = min{n, V'}, and let u,, be the
unique nonnegative solution of (P,). Then lim,,_ , u,(x, t) = oo for each (x,t) € RY
X 10, ool.

We shall give a direct probabilistic proof of this, independent of the previous
sections. Before doing so we make some remarks. The change of variables x - 2 x
transforms the equation du/dt = 1Au + V, into du/dt = Au + Vu where V(x) =
V(x/V2). Thus if V(x) = ¢/| x|, (6.1) implies that ¢ > N 272 /4 is sufficient condi-
tion for nonexistence. Of course, by Theorem 2.2, ¢ > C,(N) is the optimal
sufficient condition and C,(N) < N?m?/4. The probabilistic proof given below by
itself does not appear to be capable of giving the sharpest result. (But see the remark
at the end of this section.) Probabilistic arguments can extend the result of Theorem
6.1 from the whole space case (x € R") to the bounded domain case (x €  C C RV
with the Dirichlet condition ¥ = 0 on 0§ imposed). We omit further discussion of
this.

For the proof of the theorem, fix ¢t > 0, x € R". Since

u,(x,0) = [[oxp( [V,(a(s)) db|uof(1)P.(dw)
it follows that

w(x,0) Tu(x,0) = [ exp( [V((5)) ds Ju(w(1)) P ()

by Lebesgue’s monotone convergence theorem. What we must prove is that u(x, r)
= 0.

To simplify the proof somewhat we assume u,, is strictly positive in some ball, i.e.
(6.2) ug(x) =e, for|x — xy|<3$,

for some choice of ¢, > 0, 8, > 0, x, € R". This can be assumed without loss of
generality since for 0 <e <1, u,(x, t) (< u(x, 1)) is the solution at (x, ¢ — €) of (P,)
having initial data u,(x, ¢) which is everywhere continuous and positive.

Let 0 < a < § and let

S, = {weES:w0)=x,|w(t) — xy|< 8, and
lw(s)|<1/nfors €J =[at, (1 —a)]}.
Our hypotheses imply

u(x,t) = /; exp(f(l_a)'V(w(s)) ds)uo(w(t))P\.(dw)

S, ar

= cploo )5
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where y = 1 — 2a. The main estimate is

(6.3) u(x,t) = exp(tyr(1/n))ekoexp{ —m>N2ym?/ (8 —¢)}n~".
This implies u(x, t) = oo by (6.1) since € > 0 is arbitrary. The exact dependence of
the constant k, on (v, ¢, x, x,) will be made clear in the sequel (cf. (6.11), (6.12)).

The proof of the main estimate (6.3) is based on connections between Brownian
motion and the heat equation.

To simplify matters further we work in N = 1 space dimension. The estimate for
N dimensions follows from the one-dimensional estimate (or rather its proof). The
one-dimensional proof below could be done in N dimensions, but the separation of
variables part of the argument is clearest when N = 1.

Let {B(¢, w): t = 0, w € S} be normalized one-dimensional Brownian motion (cf.
[3]). Let —o0 <a<b< oo and let 1 = 7([a, b]) be the exit time from [a, b] for
Brownian motion starting at x, i.e.,

7(w) = inf{¢ > 0: B(¢, w) = a or b, given that B(0, w) = x}.

For typographical convenience we shall usually suppress w. Then w, defined by
w(x,t)=Pf{w €Q:17(w) >t} =P{r>1},

satisfies

ow/0t = 102w /0x> fora<x<b,t>0,
(6.4) w(t,a) =w(t,b) =0 forz>0,
w(0, x) =1 fora<x<b.

For a nice discussion see [6, p. 207].
For b, t, >0,
(6.5)  PfIB(s)|<bfor0<s<t,} = P{r([—b,b]) > 10}
= P,{7([0,2b]) > 1o} = w(b, t,)

where w satisfies (6.4) with [a, b] replaced by [0, 2b]. We calculate w by separation of
variables, obtaining

n odd
hence
4 e, nm
w(b,t,) = 3 —-exp(— ) =
0 ST 2 ( 2 )
= S A ool - 272t
= kz:o;( 1)*exp| —(2k + 1) 52
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because this alternating series exceeds the sum of its first two terms. Taking b = 1/n
and ¢, = 1 gives

(l t)>i (_ﬂznzt)_ex (_9712n2t)
w n’ /77‘ €xXp 8 P 3

4 — ¢ (_ min’t )
7 P 8

for each ¢, > 0 and all n > N(¢,, t). Thus, for large n,

(6.6) w(l/n,t) = c, exp(—m>n’t/8)
where ¢, is any number less than 4 /7.

Let x, x, € RY and 1, 8, > 0 be as before. Then, using the strong Markov property
repeatedly, we obtain, for0 <a < 1,0 < a, <,

(6.7)
P{|B(s)|<1/nforalls € J =[ar, (1 — a)t],|B(r) — xq|< &}
= Pf|B(ar)|< ay/n,|B(s)|< 1/nfors €J,|B(1) — xo|< &}
= P{|B(at)|< a)/n}
P{|B(s)|<1/nfors €J,|B(s) — xo|< &|B(at) < a;/n}
= P{|B(ar)|<a;/n} - P{|B(s)|< 1/nfors € J|B(ar) < &, /n}
P{I1B(2) — xo|< 8|1 B((1 — a)t) |< 1/n}
= Pf|B(ar)|<a/n} - Po{|B(s)|< (1 — a;)/nfors €[0, (1 — 2a)1]}
“P{1B(at) = x,|< 811 B(0)|< 1/n} = p\p,p5.

Now, if ¢, = at,

\%

(6.8) py =

@T,,fitn ((s_u = )ds

/’( X+al/n)/‘/_ /2 g,
(—x=ay/m)/\ft;

S B _(1x] +ay/n)* | 24
P “’{ 2 }(r)

_ 2
> (27ar)”"? {CXP(—ZEXF) - 82} -2a,/n

for each e, > 0 and all n > N,(e,, x, ¢, a).
Similarly, p is a weighted average of terms of the form

(27rt])_'/2fx°+8°exp[ (s _2[:1(0))

xp=8
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where ¢, = at and B(0) ranges from —1/n to 1/n. Consequently,

[xo] +6 2
exp{———( Oéat o) — & - 26,

for each e; > 0 and all n > Ny(e;, x, ¢, a). Next,
p2 = Po{IB(s)|< (1 — a))/nfors €[0, (1 — 2a)1]}
= w((1 — 2a)t, (1 — a,)/n)
by (6.5). Hence by (6.6),

(6.10) py = (4_—7783) exp{_'ﬂznz ;(11_—2(:))2}

(6.9) s = (2mat) ™'

for any &; > 0 and all n > Ny(e5, x, 1, a, a;). By (6.6) and (6.8)—-(6.10) we see that
given ¢ > 0, there is an ¢, < € and an N = N(e, x, t) such that for n > N,

_ 47y d +6,)
P(S,) = p,p,0; = (27at) '% cxp{— (xz/Zat b (xol +8)° 54)}

2at
4 exp{—'nznz (1- 20!)’2 .
W 8(1 — «,)

Taking a, so that (1 — &,)* = 1 — & gives the estimate (6.3) with N = 1 where

©1) k= (S (1) xpf - - LS ]

Tat n 2at 2at

Recall that the N-dimensional normalized Brownian motion {(z): ¢ = 0} consists
of N independent one-dimensional normalized Brownian motions, i.e.

B(t) = (Bl(t)" "»BN(’))

where {8,(¢): 1 =0} is a one-dimensional normalized Brownian motion. Let x, =
(Xo15---»Xgn ), X = (Xy,...,xy) € RY. Then

P(S,) = P{|B(1) = xo|< 8y, |B(s)|< 1/nfors €J =[at, (1 — a)]}
> P{Forj=1,....N,|8,(t) = xo,|< 8,/IN ,1B,(s)|< 1/n|N fors € J}
= (PIB(1) = xo11< 80/{N ,1B,(s)1< 1/n N fors €7))"
by independence
= Kyexp{ —7°n*(1 — 2a)N?1/8(1 — &)}

by our one-dimensional results where

(6.12) K,= (%)N(l)l\lexp{—¥-—w—e}. O

/N mat n
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In [2] we indicate how ideas from this section can be combined with the L? theory
of —A+ c¢/|x]> developed by quantum theorists to give a complete proof of
Theorem 2.2(ii) for the case of f =0 and = R". Incidently, [2] contains a list of
some of the L? references.

7. Concluding remarks.

REMARK 7.1. The potential ¥(x) = c/|x[’ is of the form V = —A¢/¢ where
¢o(x) =|x|"*and ¢ = (N — 2 — a)a. Theorem 2.2 extends to cover potentials of the
form V= —A¢/¢ where ¢ >0, Ap € L1,(R), [$puy < 0, f¢ fo fé < o and the
weighted Sobolev estimate

1/m 1,2
he) <l [Ivhiet + h“)
(/ﬂ| |¢) (/Ql P fgl P

holds for some m > 2. (This last estimate reduces to (4.12) for ¢(x) =|x| * and for
h a radial function.)

REMARK 7.2. Theorem 2.2(ii) extends to establish the nonexistence of solutions for
certain nonlinear problems. For instance, consider (P) in which the term V(x)u is
replaced by the nonlinear term W(x, u)u, where W(x,u)=c|x[* holds for all
(x,u) €2 X R and ¢ > C,(N). Then no nonnegative solution to (P) can exist in
that the approximating solutions u,, of (P,) approach infinity on all of & X 10,T'].

REMARK 7.3. It is well known that the solution of the Cauchy problem du/0r —
Au =0, u(x,0) =0 is not unique (for (x, ) € RV X 10, oo[). Nonuniqueness also
holds for (P). This will be shown by one of us in a separate paper [1].

Appendix: Proof of inequality (4.12). If 0 < » € C'[0,2r] and h(2r) = 0, then we

claim that
, 1/m 1/2
(A1) (f2 h'"(s)s""ds) SKO(fzr dh(ds) a= ‘ds)
0 0
wherea =N —2a>2,m~ ' =27! — g7 and K|, is a constant, depending only on

a. For the proof, integration by parts gives

joz’hm(s)sa-'ds: / A (s )dh(s)

1,2
\m 2r 2m—2,a+1 )1/2 2’(@)2 a—1
< 2 (/(; h s4"  ds j(; R ds
m 2r| dh |? 172
<— sup {s*h™ (s ( h™se™ 'd) ( ——-‘ s“—’ds) .
a setor;]{ ( )} f .[0 ds

Thus to establish (A.1) it suffices to show

. ) m-2/2

(A2) sup {s?hm72(s)} < Kl(f2 (%) s””‘ds) ,

from which it follows that (A.1) holds with K, = [K,m?*/a*]'/™ which depends only
on a.
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For (A.2) we note that 2 /(m — 2) = a/m, and so

sup {s2/" Dn(s)} = sup {s*/"[h(s) — h(2r)]}
[0,2r] [0.2r]

= sup{s/" [V (= 1(0)) do]

, 1,2 1,2
< Sup{sa/m(‘[2 o,l—ado) (erh,(o)Zoa_ldo) }

s

< { sup]M(s)}(fozrh’(o)zo“_ldo)l/2

[02r
where M(s) = s*/™( (2" ¢' "% ds)'/2. On (0,2r) we have
M3(s) =s>/"((2r) = s> )2 —a) "
= ((Zr)z_asz“/'" - l)(2 —a)”!

since 2a/m + 2 — a = 0; hence

4

ds
because a > 2. Thus supq,,) M*(s) = M*(0) = (a — 2)”', and so (A.2) holds with
K, =(a—2)" "2,

Next we deduce (4.12). Fixp >0 andletr = p. Let h € CY(0, r). Let £ € C'[r,2r]
satisfy 0 <é¢<1,£=0in[r+p/2,2r,E=1in[r,r+p/4,and 0=§ = —5/p
in [r,2r]. Let Y(s) be h(s) or h(2r — 5)&(s) according as s €[0, r) or s € [r,2r].
Then by (A.2),

(Lrhm(s)s““'ds)Z/m < (j:rz[/"‘(s)s”"ds)Z/m < Klz(j:rx[/(s)zs“—'ds)

< K,z[ f (sVsetds + 2 [V = )80

M(s) = (2 (2 - a) " 2 2esm1 <

+2"h(@r — sV s ds]
(leto =2r —s)

< Klz[j(;rh’(s)zs“_l ds + Z/r /Zh'(o)z(Zr — o)a_] do
r—p
+2fr_p/4h(o)2§’(2r — o)} 2r —0)""" do]
r—p/2

<K}

A o

a=1
+50p‘2K,2(%z—§—§) j(;h(s)zs“"ds

< sz(;rh’(s)zs“_' ds + K3j:h(s)2s“" ds
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where
(A.3) K, =[(a—2)"""m?/a*]"" (1 + 290072 = Ky(a, p),
(A.4) K, = 25[((1 - 2)2-'"m2/c12]2/'"2"p‘2 = K;(a, p).

This proves (4.12). Now we study K, and K as functions of a. (Note that these
are dependent on p.) Since m < oo we have a < (n — 2)/2. Fora - (N — 2)/2 we
observe the following. Writea = (N — 2)/2 — e,6 > 0. Thena = N — 2a = 2 + 2¢,
m=2a/(a — 2)~ 2/¢ and

[(a _ 2)2*mm2/a2]2/'" w[(ze)Z—Z/ee—z]f A ReT2g2em 272 = L2
Thus each of K, and K behaves like
Const p2[((N —2)/2) —a] ?

as a —» (N — 2)/2. Thus K, and K, blow-up in an inverse square manner in each
variable.
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