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THE HEAT EQUATION WITH A SINGULAR POTENTIAL

BY

PIERRE BARAS AND JEROME A. GOLDSTEIN1

Abstract. Of concern is the singular problem du/dt = au + (c/|x|2)iz + /((, x),

tz(x,0) = u0(x), and its generalizations. Here c > 0, x G RN, t > 0, and/and t/0 are

nonnegative and not both identically zero. There is a dimension dependent constant

C (N) such that the problem has no solution for c> Ct(N). For c =S Ct(A/)

necessary and sufficient conditions are found for / and u0 so that a nonnegative

solution exists.

1. Introduction. Of concern is the heat equation with a potential

du/dt- Au = V(x)u+f(x,t)

for t > 0 and xEÍÍCR". Take either ß = R^ or else ß to be a bounded domain

containing 77, = {x £ R^: |x|< 1}, in which case we impose the Dirichlet boundary

condition

u(x,t) = 0   for* Goß.

The initial condition is

u(x,0) = u0(x),       x Eil.

We take u0,f> 0 and 0 < V G L°°(ti\Be) (where 77£ = {x: \x\< e}) for each £ > 0,

but Fis singular at the origin. The question is: How singular must F be to prevent a

solution u from existing? The answer, informally stated, is that V is too singular if

V(x) > C*(N)/\x\2 near x = 0, while Fis not too singular if V(x) < C*(N)/\x\2

near x = 0, where C*(N) = ((N - 2)/2)2, for N = 1,2,3,... .

Let us be more precise. Let Í2 be a domain in RN with 77, G ñ C R^. If ß ^ R^ let

the boundary of ß be nice enough. Let

V*(x) = c/\x\2,       xGfi,

where c > 0. Consider the problem

du/dt- Au ̂ V^u   inOX]0,r[,

(Q) « = 0   on3S2x]0, T[,

w(0, x) = u0(x)    in ß
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122 PIERRE BARAS AND JA. GOLDSTEIN

with u0>0 and k0£0 (i.e. w0 not equal to zero a.e.). Here 0 < T< oo. Because V

is so singular at the origin it is not clear if a solution u of (Q) exists. So we

approximate K„ by

Vn(x) = min{v,(x),n},

and we let un be the unique nonnegative solution of

du/dt - Au = V„un. inßX]0, T[,

(QJ «„ = 0   on30x]0,r[,

«„(0, x) = u0(x)   in ß.

Note that un exists if «0 satisfies some innocuous conditions, which we assume. Let

C*(N) = ((N-2)/2)2.

It will follow from the results of this paper that, if un is the solution of (Q„), then:

(I) If 0 « c « CJ(N), then lim„^00 un(x, t) = u(x, t) exists and « is a solution of

(Q).
(II) If c> C*(N), then lim^«, un(x, t) = oo for all (x, t) G ß X ]0, T[.

In the existence result (I), by an argument using the maximum principle we can

replace V„, V* by V„, F„, respectively, where Vn(x) < Vn(x) a.e. for each n.

Similarly, in the nonexistence result (II) we can replace V„, Vn by V„, V^ where

Vn 3* Vn a.e. for each n (or at least Vn > Vn a.e. in a fixed neighborhood of the

origin).

Two proofs will be given of the nonexistence result. One, based on the techniques

of the theory of partial differential equations, is closely related to the existence

results such as (I). The other, for the case of ß = RN, is probabilistic and is based on

the Feynman-Kac integral formula. This represents, to our knowledge, the first such

application of the Feynman-Kac formula to a nonexistence question in partial

differential equations.

In the next section the main results are stated. §§3-5 contain the proofs based on

the techniques of partial differential equations. The probabilistic proof is given in

§6. §7 contains complements and remarks.

It is a pleasure to thank Haim Brezis and J.-L. Lions for posing the questions

considered here and Brezis for his continued interest in the work. One of us (J. G.)

also thanks John Liukkonen and Steve Rosencrans for discussions about Brownian

motion.

2. Statements of the main results. Let ß be a domain satisfying 77, CßCR". If

N — 1 we delete the origin so that 0 £ ß; for simplicity we may take ß = ]0, R[

where 1 =£ R *£ oo. Let 0 ^ V G L'loc(ß), let 0 «/ G L'(ß X ]0, T[), and let «0 be a

nonnegative function in L'(ß), or, more generally, let u0 be a finite (positive) Radon

measure on ß. Consider the problem of finding a function u such that

«^OonßX (0, r),       Vu<ELxXoc(Six]0,T[),

,  v du/dt - Au = Vu + f   inöD'(ßX]0, T[),

esslim [u(t)<¡>= /"</>M0   for all «p G ^(ß).
í^o+   Jq jü
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Here ^(ß) = C0°°(ß) with the usual topology; <$', the dual space of 6D, is a space of

distributions; and for typographical convenience, arguments of functions and dif-

ferentials in integrals will be omitted when no confusion can arise.

We shall attack (P) by studying the approximate problem

du„/dt - Au„ = V„un +/„   in<SD'(ß X]0, T[),

(   . «„ = 0   on 3ß for allí G]0, T[,
\"n!

hm f u„(t)<t>= [<bu0   forall<> G ̂ (ß),
z-o Ja J

where/, = min(/, «} and where Vn G L°°(ß), 0 < V„ < V, and V„ î Va.e. in ß. Of

course, the Dirichlet boundary condition will be absent if ß = R^.

The problem (P„) has a unique bounded nonnegative solution which satisfies the

integral equation

(2.1) un(t) = e'*u0 + í'é'~^Vnun(s) ds + feWfn(s) ds,

where {e'A: t > 0} denotes the semigroup generated by A with Dirichlet boundary

conditions; note that the perturbation Vn defines a bounded multiplication operator

on Lp(ü) for all p. Also,

(2.2) (e'*u)(x)=(e<%(y)u(y)dy.

The sequence of nonnegative functions {«„} is clearly increasing.

Proposition 2.1. (i) Suppose there is an (x0, t0) G ß X ]0, T[ such that

limn^ooun(x0, t0) < oo. Then (?) has a nonnegative solution on ß X ]0, T0[ for all

T0 G ]0, i0[. This solution is given by

(2.3) u(x, t) = Urn u„(x, t)
n—* oo

a.e. in ß X ]0, T0[.

(ii) 7/(P) has a nonnegative solution in ß X ]0, T[, then

lim un(x, t) < oo
«->oo

a.e. in ß X ]0, T[.

Thus the existence of a nonnegative solution of (P) depends only on the limiting

behavior of the solution of (P„). The borderline case concerns the potential given by

jC/|*f     ifxGZ?,,

0 [0 ifxGß\77,.

Let

C,(7V) = ((/V-2)/2)2.
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(2.4) f\x\~au0<oo,     (Tff(x,s)\xfadxds<cc
Jo Ja   Jo

I \x\ au0 < oo,    /       / f(x, s)\x\ adxds < oo
Jo.' Jc\       Jo/

Theorem 2.2. (i) Let 0 « c « C^(N) and let the (measurable) potential V^O

satisfy V G L0O(ß\771). If V « V0 in 77,, then (?) has a solution u if

•T

where a is the smallest root of (N — 2 — a)a = c. If V > V0 in 77, and if (?) has a

solution u, then

"T-e

'a' Jo    JQ'

for each e G ]0, T[ and each ß' C C ß, where a is as above. If either u0^0 or /z 0

in ß X ]0, e[ for each e G ]0, T[, then given ß' CCÜ there is a constant C — C(e, ß')

> 0 such that

(2.5) u(x,t)>C/\x\a   if(x,t)Eti'X[e,T[.

(ii) If c> C*(N), V> V0 and either u„20 or f z 0, then (?) does not have a

solution.

Note that if we set <b( x ) = | x | ~ a, then

A<i» = <i>fr + (N - 1) V = «(« + 2 - N) \x\-a~2,

so that —A<f>/<f> — c/\x\2, where c = (N - 2 — a)a is as in the above theorem.

Theorem 2.2 can be extended to cover potentials of the form V — — A<b/<b where

<b > 0, A<b G L'loc(ß), and a supplementary hypothesis is made (cf. Remark 7.3). In

this case the conditions on the data should be

f<bu0<oo, I    I f(x, s)<b(x) dx ds < oo.

When <b(x) =\x\~a, the condition A^> G LX(BX) becomes N - 2 — a > 0, which

holds if c > 0 (and a > 0).

We finally note that the smaller root a of (N — 2 — a)a = c is given by

TV - 2      ¡I N-2'2       ^'/2
a = ~2-V V—2—

when 0 < c < C*(N). This is one of the technical ways in which C*(N) arises.

3. Proof of Proposition 2.1. We begin with the proof of Proposition 2.1. Part (ii) is

easy. If « is a nonnegative solution of (P), then un<u holds for all n, whence

lim un(x, t) < u(x, t)
n — oo

a.e. in ß X ]0, T[.

Part (i) is more difficult. To start the proof, let vn = e'u„. Then

dvn/dt-Avn = (V„+l)vn + e%.

Applying (2.1) and (2.2) to v„ gives

(3.1)      e'oun(x0,t0)>('0f(e<'°-'»ôJ(y)(Vm(y) + l)u„(y,s)e°dyds.



THE HEAT EQUATION WITH A SINGULAR POTENTIAL 125

If ß' C C ß and 0 < e < T,

mf{{es\o)(y): (y> s)eß'x [£> rl} = co > 0.

Therefore

(3.2)   c0f'° ' f Vn(y)un(y,s)dyds + c0['° * f un(y, s) dyds < e'"u„(x0, t0).
J0        Jü' J0        JÜ'

By hypothesis (cf. (2.3)), w„ increases and the right-hand side of (3.2) is bounded,

thus un increases to u and Vnun increases to Vu in L'(ß' X ]0, t0 — e[), and « is a

solution of (P) in the sense of distributions.    D

Remark. This solution u satisfies the integral equation

u(x,t) = fe'%(y)u0(y) + (' f e«-^8x(y)V(y)u(y, s) dyds
Jq Jo jq

+ ('(e'%(y)f(y,s)dyds
J0JQ

a.e. in ß X ]0, t0[. By (3.1),

(y, s) » e^X(y)V(y)u(y, s) G L'(ß X]0, /0[)

since limn_00 un(x, t) = u(x, t) < oo a.e. in ß X ]0, t0[.

4. Proof of Theorem 2.2(i). We first show that assumption (2.4) on the data

implies the existence of a solution.

Let 4>(x) =\x\~a and let p G C2(R) be a convex function satisfying p(0) — p'(0)

= 0. Multiply the equation (cf. (P„)) satisfied by u„ by p'(un)(j> and integrate over

ß X [8, t[ for 0 < 8 < t < T. One gets, using integration by parts,

fp(un(t))<b+ffvun- v(p'(u„)4>)= i'i(Vnun +f)p'(u„)<p + f p(un(8))<¡>,
Jq js jq js jq Ja

whence, since p is convex,

fp(un)<b+f'fp(un)(-A<p)^flf(Vnun+f)p'(un)<b+fp(un(ô))<p.
Jq. js Ja Jd jq jq

Replace p(r) by a sequencepm(r) satisfying the hypotheses forp and converging to

| r | as m -» oo. We obtain the limiting inequaltiy

(4.1) (u„(t)<b + ffu„(-A<b)^f'((Vnun+f)<b+((un(8))<b.
Jx Jo. J$ jq Jq,

aim that

[un(8)<b^[<bu0.
Jo Jo

jq Js Jq, Jg jq

We want to let 8 -» 0. First we claim that

To see why this is so, note that

rS
es*u0 < un(8) = e^A+v^u0 + ( e^-s^+v»\(s) ds

<eÄVA«0 + (SeMS~s^fn(s)ds
Ja
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if||KJ|w<X,once

eS(A+K„)üo=    Um   (e«A/me(«/«)K,)*Ko<e*Ae«AKo
m->oo

by the positivity preserving property of {eSA}. Thus

/(*"«„)* <fun(8)<¡> < e^/VXH + e'^waJfA
'a

whence

•/n -Zo ^oJQ JQ JQ

as 8 -> 0, as asserted. Letting 8 -* 0 in (4.1), we deduce

fun(t)<b + ffu„(-A<t>) </'/ F„«„<f> + /'/"/„«i» + Uu0.
jq jo jq jo jq jo jq        jq

But

-A<b= (N-2-a)a/\xf+2> Vni?

since c — (N — 2 — a)a. Consequently

(4.2) (u„(t)<b^fffn<b+ Uu0,
Jq jo jq jq

and therefore if

f'ffn<t>+f<t>u0<cc
Jq Jq Jq

we conclude that un(x, t) increases to a finite limit u(x, t) as n -» oo, for all

t G ]0, 7] and for a.e. x G ß. By Proposition 2.1, this proves the first part of

Theorem 2.2(i).

Thus the problem (P) has a solution for u0 = (b(x)~x8x and /= 0, where x G

ß\{0} is fixed. Let ux denote this solution and let hx(y, t) — ux(y, t)/<b(y). Let

also h = m/<í>, hn = un/<b where « and un are the solutions of (P) and (P„) con-

structed above. We claim that

(4.3) h(x, t) = fhx(y, t)<b(y)u0(y) + f'fhx(y, t - s)f(y, s)<b(y).
Jq Jo Jq

For the proof, let u„ and v„ satisfy

dujdt - Aun = Vnun +/„,       u„ = 0   on 3ß,       «„(0) = u0;

dv„/dt-Av„=V„vn,       vn = 0   on3ß,       vjfi) = +(*)'%•

Then

8
f "„(*)»,,(' - j) dx = ( f„(s)vn(t - s) dx,
Jo Jo.ds

whence

rr-S
(4.4)     f u„(t - 8)v„(8) dx = f un(t - 8)vn(8) dx + f'~   f f„(s)vn(t - s) dx ds.

Jq Jq js    jq
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As 8 -» 0,

un(t - 8)-* u„(t)   and   v„(t - 8) ^ v„(t)   in C(ß),

u„(ô)-(i)(x)"1ôx   and   Hn(S)-w0

where — denotes weak convergence. Thus when 8 -> 0 we obtain, from (4.4),

(4.5) u„(x, t)<b(xy] = fv„(y, t)u0(y) + fj' f„(y, s)v„(y, t - s).
Ja jo Jq

When zz -» oo,

u„(x, t) î u(x, t) = h(x, t)<b(x),       v„(y, t) î hx(y, t)<b(y),

and taking the limit in (4.5) gives (4.3).

Our next assertion is that if V > V0 and u0 £ 0, for e > 0 and ß' C C ß with

0 G ß', there is a C> 0 such that

(4.6) h(x,t)7*C

for all x G ß' and t G [e, T[. For the proof we first recall that if u0 z 0, there is a

positive constant C0 such that e'Au0(j) > C0 if x G ß' and / G [e/2, T[. Next u is

bounded below by the solution w of

dw/dt - Aw = V0w   in $'(0 X [e/2, r[),

w = 0   on3ß,       w(j>, e/2) = C0xa>(y)   inß,

and w is the (increasing) limit of the unique nonnegative solution wn of

dwjdt - Awn = Vnwn   inöD'(ß X]e/2, T[),

w„ = 0   on3ß,       w„(y,e/2) = C0xQ.{y)   inS2-

Choose a ball 77 in ß', centered at the origin and of radius r0. Then wn > vn where

dv„/dt-Avn=Vnvn   in^)'(BX]e/2,T[),

v„ = 0   on 377,       v„(y, e/2) = C0   in 77,

where here and in the sequel, V„ = inf(F0, zz). But v„ is a radial function, i.e. a

function of\x\—r alone. Thus

3u„      32ü„      (N-l)dvn_

(4.8) a/       9'-2 r        dr        ""'

^0,0 = o = ̂ (o,0,     ü4r'f) = c°-

Multiply (4.7) by (vn)p~ x<b2~p forp > 1 and integrate to obtain

Setting zc„ = v„/<t> we get

_3_
dt p-l(ktf) +4(p- l)p-2f\vkp/2\2<b2 + fk!(-&4>)4> = f Vnktf

JB I JB JB JB
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Recall (cf. §2) that Vn(x) « VQ(x) < -A<b/<b. Thus Vn<b2 ^ (-A<p)<b and conse-

quently

whence for e/2 < t < T,

(/„».'*2-'),/'(')*c.(//-')'/'.

the right side being the value of the left side for t = e/2. Letting p -> oo it follows

that kn «£ C0 a.e. in 77, which is equivalent to vn *£ C0<b a.e. in B. We are now justified

in setting

v = lim vn,       k = lim kn.

We will show that

(4.9) C0>k(x,t) >CX >0   for£<?< Tand a.e. jc G^/3.

0. ï# = Bro/2(Here B = Br ,{B = Br /2 and A: < C0 is already proven.) Since

« 3* <bh > w > wn > vn > kn<$>,

(4.9) implies (4.6) with y G ß' = {B. And for y G ß'Miß) we have (since u s* é?'ak0)

for all y G ß',

4>(y)~l >C3>0   inß\|77,

where C2 and C3 are suitable constants. We now establish (4.9), using ideas of J.

Moser [4, 5].

Let g: [0, oo[ -» [0, oo[ be convex and of class C2. Multiply (4.7) by g'(k„)g(kn)<b\¡/2

where t/> G ^(77 X ]e/2, T[) and integrate over Q - 77 X ]e/2, T[. We obtain

I^iiM**)2))*1*2 + f *(*•*) ■ v(g'(kn)g(kn)H2)

= f Vnk„<bg'(k„)g(kn)^.
Jq

Straightforward computations give

(v(M>)- v(g'(kn)g(kn)<M2)
JB

= f v(*J • v(g'(kn)g(kn)H2h + (knV<t> ■ v(g'(kn)g(kn)<M2)
JB JB

= ({g"(kn)\vkn\2g(k„)<b2t2) + / | vg(*„)lW
JB JB

+ f (vg(*J ■ v<b)^2g(kn) + f vg(kn) -M2)g(kH)4>2
JB JB

+ f(-A<b)kng'(k„)g(kn)4>4>2 - /(v* • Vg(k„))g(kn)<M2,
JB JB
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whence

/ei(^g(^)2))^2 + /e|vg(fc")l¥^

+ f g"(K)\ vkn\2(g(kn)<b2t2) + f(vg(kn) ■ vV)g(knW
Jq Jq

+ ( (-A<b)kng'(k„)g(k„)H2 = f V„kn<b2g'(kn)g(kM2-
Jq Jq

The third term on the left is nonnegative since g is convex and nonnegative; we will

integrate the first term by parts and for the fourth term use the trivial inequality

2¡(vg(kn)- Vt)g(k„)<b2i <l/|vg(/UlW + 2/|vtH2gl^rV.
Jr Z. Jo Jb'B

We thus obtain

2"1  (Ä)2f¥  (0 + 2"7 I Vg(*JlW ^ f<b(Vn<b + A<b)kng'(kn)g(kM2

■/g(A„)V(2|V^|2 + ^'
+

Now suppose <f> A <() G L'(ß) (which is equivalent to a < (N — 2)/2). Take B to

have sufficient by small radius. Since V0 — — A<b/<¡> the first term on the right side of

the above inequality tends to zero as n -> oo by Lebesgue's dominated convergence

theorem. (Here we are using \\k„\\m *s C0 in B and the hypotheses on g.) Thus when

n -» 00 we obtain

(4.10)

/Bg(fc(í))V(0V + /|v(g(/x))|2<í.2^2<2/g(/c)V(2|v^|2 + ^).

Now choose i so that 0 < t/V < 1, \p = 1 in Br_s X [s + 8, T], i// - 0 in (77 X [0, s])

U ((B\Br) X [0, T]) where 0 < s, 8. We further suppose that

\ty/dt\<C</8,      iv^q/s2

where the constant C4 is independent of the pair (s, 8). Inequality (4.10) then yields

(4.11) /    g(k(t))2*2 + fT f    \Vg(k)\2<b2^6CA8-2(Tfg(k)2<!>2
JBr-S Js + SJBr.s Js   JBr

for all t G [s + 8, T[.

If 0 < r' < r *s 1 and h is a nice function on [0, r], then

(4.12) yr\h(s)\msN-2a-xds]j   m<C^f[\h'(s)\2 + \h(s)\2]sN~2a-2ds

where 1/zn > 1/2 - \/(N - 2a) (and m < oo if N - 2a = 2). The constant C5

depends on r' but not on r.
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Remark 4.1. If M > 2 is given and if

2 *£ m < min{M, 2(/V - 2a)(N - 2a - 2)"1},

then the constant C5 in (4.12) is uniformly bounded for a£[0,(JV- 2)/2].

A proof of (4.12) which contains a description of the constant C5 is given in the

Appendix.

Define ß by ß + 2/m = 1 where 1 > 2/m > 1/2 - l/(N - 2a). By Holder's

inequality and (4.12) we get, for a nonnegative radial function h,

j h2+2ß<b2 <\j hm<b2\      [J hV\

<c5(/jv/z|¥ + /fi/z2<i.2)(/B/zV

whence

(4.13)      ¡h(h2+2%2^cA(h((\Vh\2 + h2)A   sup  [fhv\  (t).
JaJBr \JaJBr !a*t^b\JBr /

From (4.11) we deduce

sup      f    g(k(t))2<b2^6CA8-2(T(g(k)2<b2.
te[s + S,T] JBr-S Js   JBr

Note that x\-*g(k(x, t)) is, for fixed t, a radial function, so applying (4.13) with

[a, b] = [s + 8, T] and with Br^s in place of 77r we get

f /    g(A)2+2V<C5(6C4o-2+ 1)  /r/g(*)V
Js + 8JBr-S \Js   JB,

■ [«r'Cljt'''*)'-
whence

(4.14)

1/(2 + 2/3) / \ 1/2
1   r ->   2 1

's   JBr

1/2

f /  g(*)2+2V <[Q'/2(6C4 + i)]""+«a-* f/gi*)2*

= Q»-(f/BS(*)V)

since the exponent of 8 is -y = -(1 + j8)~'(l + ß) = -1 andO<S< 1.

Let a > 0 be a small number and let

8 = 0/2",       r„+1 = rn-a/2",       g„+]=g„+ß,       sn+x = s„ + a/2",

H»=[fXUk)W
\l/2

Ú-   I
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where g, = g, and r, and sx are given positive numbers. With this notation the

estimate (4.14) yields

Hxi\x+>»<C6-2"a-xHn,

whence, by induction,

fi-y<I+«<(qsfl-1)""2»-Jïi1+«""î

where

«. = 0 + ß)"~2 "2(1 + ß)~J,    yn = 1 U + 00 + f)""2"'.
7=0 7=0

Now let aï -> oo. Since g„ = g(1+^'"   we get

/    _ \ 1/2

sup        g(Mx,0)^(Q«-'-2<1+^)<,+^  fi g(*)V       .
Bri-aX[sx+a,T] V"lJBr¡ j

Replace g by a sequence {g,} satisfying the hypotheses and tending to l/ry as

/ -» oo. We then obtain

It \X/1

sup \/W < (C6a-X ■ 20+ßVßf+ß)/ß[ (T( k~2V       .
Br^aX[Sl+a.T] \J^JBr, j

Now set

sx = 3e/4,       a — e/4,       r, < z*0

where e > 0 is given (and r0 is as before, cf. the sentence preceding (4.7)). Note that

k(x, t) = v/<b > <b\x\~x (e'\)(x) > QCMx)'1

for (x, t) G Br X ]3e/4, T[ where the constant C7 is independent of r, and e (but, of

course, C0 depends on e, as before). Thus we obtain

1/2

sup

S,,-t/4X[e,T]

ZC-^C8C0-Ve-'-'//3Í/-r     f   ̂  + 2Y\
\J3e/4JBri j

which implies the estimate

/ \-1/2t

(4.15) zc(x, /) > C9C0e(1 + 1/«'/^  / <i»2+2^

for a.e. x G Br¡^e/4 and for all í E [t, 7]. Here the positive constant C9 is indepen-

dent of the pair (/■„ e). The estimate (4.9) is therefore established for a < (N — 2)/2,

and it also holds for the limiting case of a = (N — 2)/2.

[First of all, it is easy to see that y > 1 can be chosen so that /fi <¡>2+2y < oo if

a*i(N- 2)/2. In fact, y = 1 + 3/(N - 2) will do (for N > 3). Next, the mapping

a -> k(x,t) is continuous. To see why, note that the solution ua of (P) with

V(x) = (N — 2 — a)a/|x|2 depends continuously (and monotonically) on a for

0 < a < (yV — 2)/2. Therefore a -» ka | x \~a is monotonically increasing, and so

fc(tf-2)/2i*r(iV~2)/2>*j*r-
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Remark 4.1 implies that for ß = 1 - l/2w with m = min{M, 2(JV - 2a)/(N - 2a

— 2)}, the constant C9 in (4.15) is bounded below by a positive constant indepen-

dent of a G [0, (N - 2)/2]. Thus there is a C> 0 such that ka\x\~a > C\x\~a for

x G j-77, t » £ and a G [0, (N - 2)/2]. Hence

k s* C\ ric-2)/2-«

where C is independent of a. A passage to the limit now gives the result.]

The estimate (2.5) is an immediate consequence of (4.6). To establish the rest of

Theorem 2.2 (i), apply (4.6) with u0 = 8X; we obtain the existence of a constant

C> 0 such that

hx(y, t) > C/<b(x)    for all (x, y) G ß' X ß', t G [e, T].

Then (4.3) implies

(4.16) <b(x)h(x, t)>CÎ <bu0 + c(T~e f f<b.
Jq' jo      Jq-

If a solution u exists then necessarily h(x, t) < oo for a.e. (x, t) G ß X ]0, T].

Consequently the condition

/ <pu0 < oo,     1       / /</> < oo
rT-e

'Q' J0       JQ'

are necessary for the existence of a solution u.    D

5. Proof of Theorem 2.2(H). In this section we deduce it from the first part of the

theorem. An independent proof based on probability theory will be given in the next

section.

Let c > C+(N). If (P) has a solution w z 0, then one has

du/dt - A«= C„(N)\xf2u + (c - C„(N))\x\~2u

in ^'(ß X ]0, T[). From part (i) we know that the solution exists only if

[c- C^(/V)]«|xr2(i)GL1(ß'X]0, T-e[)

for ß' C C ß and £ > 0 (where we assume 0 G ß'). By part (i) (see (2.5)) we have

u > C(^|x^c•('v, in Q' X [e, T[, whence |xr2"2C«(,v> G L'(ß'), which is false.    D

While this is a short proof it is not a simple one in view of the estimates that went

into the proof of Theorem 2.2(i).

6. The Feynman-Kac formula applied to nonexistence. We consider the problem

du/dt = ¡'Au + V(x)u    (xERN,t>0),

u(x,0) = uo(x) (xGR"),

where, as before, V G L^R^XfO}). The normalization factor \ has been intro-

duced for the following reason: If Fis bounded above, then the unique nonnegative

solution of (P') is given by

u(x, t) = f exp(f'v(u(s)) ds}u0(u(t))Px(dw)
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where co is in the space of paths 5 = C([0, oo[; R*) and where Px is the Wiener

probability measure starting at x, i.e. Px is supported on {« G S: w(0) = x}.

Theorem 6.1. Suppose u0 is measurable, u0&*0 and w0 s 0. Suppose further that

V(x)> v(\x\) where v is a nonnegative measurable function on [0, oo[ satisfying

(6.1) liminfz-2z'(z-)>^^.
r-0+ O

Let (?'n) be the problem (P') but with V replaced by Vn = min{zz, V), and let un be the

unique nonnegative solution of (?„). Then lim„J00 un(x, t) = oo for each (x, t) G R^

X ]0, oo[.

We shall give a direct probabilistic proof of this, independent of the previous

sections. Before doing so we make some remarks. The change of variables x h» \¡2x

transforms the equation 3«/3z = {Au + V„ into du/dt — Au + Vu where V(x) =

V(x/ v/2 ). Thus if V(x) > c/\ x \2, (6.1) implies that c > MV/4 is sufficient condi-

tion for nonexistence. Of course, by Theorem 2.2, c > C*(N) is the optimal

sufficient condition and C*(N) < N2tt2/A. The probabilistic proof given below by

itself does not appear to be capable of giving the sharpest result. (But see the remark

at the end of this section.) Probabilistic arguments can extend the result of Theorem

6.1 from the whole space case (x G RN) to the bounded domain case (x G ß C C RN

with the Dirichlet condition u = 0 on 3ß imposed). We omit further discussion of

this.

For the proof of the theorem, fix t > 0, x G R^. Since

u„(x,t) = JeKp(f¿K(a(s))ds)u0(a{t))Px(da)

it follows that

un(x, t) î u(x, t) = f exp(/V(«(i)) <fc)«0(co(í))7>v(¿co)

by Lebesgue's monotone convergence theorem. What we must prove is that u(x, t)

= oo.

To simplify the proof somewhat we assume u0 is strictly positive in some ball, i.e.

(6.2) «0(x)^£0   for|x-x0|^50

for some choice of e0 > 0, S0 > 0, x0 G R^. This can be assumed without loss of

generality since for 0 < e < t, un(x, t) (< u(x, t)) is the solution at (x, t — e) of (P,',)

having initial data un(x, e) which is everywhere continuous and positive.

Let 0 < a < { and let

S„ = {w G S: w(0) = x,\u>(t) - xQ\< 80, and

|w(i)|< 1/zz fors Gj=[at, (l - a)t]}.

Our hypotheses imply

u(x,t)> f exp(y(l",V(w(5))ífc)Mo(w(0)7Jv(¿w)

>exp(ytvß)\e0Px(Sn)
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where y = 1 — 2a. The main estimate is

(6.3) u(x, t) > exp(/yz'(l/«))E0/c0exp{ -tr2N2ytn2/ (8 - e)}n~N.

This implies u(x, t) = oo by (6.1) since e > 0 is arbitrary. The exact dependence of

the constant k0 on (y, t, x, x0) will be made clear in the sequel (cf. (6.11), (6.12)).

The proof of the main estimate (6.3) is based on connections between Brownian

motion and the heat equation.

To simplify matters further we work in N — I space dimension. The estimate for

TV dimensions follows from the one-dimensional estimate (or rather its proof). The

one-dimensional proof below could be done in N dimensions, but the separation of

variables part of the argument is clearest when N = I.

Let {ß(t, u): t 2* 0, to G S} be normalized one-dimensional Brownian motion (cf.

[3]). Let — oo < a < b < oo and let t = r([a, b]) be the exit time from [a, b] for

Brownian motion starting at x, i.e.,

t(w) = inf{t > 0: ß(t, u) = a or b, given that ß(0, a) = x}.

For typographical convenience we shall usually suppress w. Then w, defined by

w(x, t) = 7>> G ß: t(«) >t}= Px{t > t},

satisfies

dw/dt = {d2w/dx2        fora<x<b,t>0,

(6.4) w(t,a) = w(t,b) = 0    for t > 0,

w(0,x) = l for a<x<b.

For a nice discussion see [6, p. 207].

For b, t0 > 0,

(6.5) P0{\ß(s)\<bforO<s^t0}=P0{r([-b,b])>ta}

= Ph{r([0,2b])>t0}=w(b,t0)

where w satisfies (6.4) with [a, b] replaced by [0,2b]. We calculate w by separation of

variables, obtaining

,        v   4        /     n2ir2t \   .  I n-ïïx \
^'0 = id-expri^Jsl™'

hence

w(Mo)= I: -exp[—¿¿r s1iHt)
n odd \ "u       I
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because this alternating series exceeds the sum of its first two terms. Taking b—l/n

and t0 — t gives

w\\,t)>^\exp

4"

ir2n2t
exp

9tr2n2t

77
exp

7T2ZZ2r

for each e, > 0 and all zz > Nx(ex, t). Thus, for large zz,

(6.6) w(l/n,t) >c, exp(-7j-2zz2i/8)

where c, is any number less than 4/77.

Let x, x0 G R^ and t,80> 0 be as before. Then, using the strong Markov property

repeatedly, we obtain, for 0 < a < {-, 0 < ax < 1,

(6.7)

Px{\ß(s)\< 1/zz for allí E/ = [ar,(l - a)t],\ß(t) - x0\< 80}

> Px{\ß(at)\< ax/n,\ß(s)\< 1/zz for* G J,\ß(t) - x0\< 80}

= Px{\ß(at)\<ax/n}

■P{\ß(s)\<l/nforsEJ,\ß(s)-x0\<80\ß(at)^ai/n}

= Px{\ß(at)\< ax/n} ■ P{\ß(s) |< 1/zz for s EJ\ß(at) < a,/zz}

■P{\ß(t) - x0\^80\\ß((l - a)t)\< l/n)

> Px{\ß(at) \< ax/n) ■ P0{\ß(s) |< (1 - ax)/n fors G [O, (1 - 2a)t]}

■P{\ß(at) - x0\<80\\ß(0)\< l/n} = pxP2p3.

Now, if tx = at,

(6.8) Pi =
__ 1 fa,/n I (s — x)

/:
exp

{2m[ J-ax/n \       2t
ds

1

I(-x + ax/n)/JTx    -y2/2

2lT  •'(-x-a,/«)/v/f7
dy

^__L.expl_.(l^l+«i/'1) 1/ 2«.
it

Ml/7

(27rai)        ^exp
1/2

2at
e2\ -2ax/n

for each e2> 0 and all n > N2(e2, x, t, a).

Similarly, p3 is a weighted average of terms of the form

(* - /*(o))2/«     .  -,-1/2 fXo + %
(2iTtx)        I exp

Jr.—a. 2/,
ds
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where tx = at and ß(0) ranges from -l/ntol/n. Consequently,

(6.9) p3>(2i"tf)
■1/2 -ÎaËU" 2Ôn

for each e3 > 0 and all n > N3(e3, x, t, a). Next,

p2 = P0{\ß(s)\< (1 - «,)/« for s G [0, (1 - 2a)/]}

= w((l ~2a)/,(l ~ax)/n)

by (6.5). Hence by (6.6),

(6.10)
(4-e3)               , , (1 -2a)/

p, 5*-^ exp-^ -Tr2n2--'-:
77

for any e3 > 0 and all n > zV3(e3, x, t, a, ax). By (6.6) and (6.8)—(6.10) we see that

given e > 0, there is an e4 < £ and an N = N(e, x, t) such that for n > N,

PX(S„) > P,P2P3 ■> (2™0
i477a,ô0

exp<^ —    x2/2a/
(l*ol+flo)2

2at

r2„2
(1 -2a)/

ï0*!""1 „/,8(1 - a, r

Taking a, so that (1 — a,)2 = 1 — e gives the estimate (6.3) with N = 1 where

(6.11) „=,&&).(I).„pi-*! .0i4±W
770/ 2a/ 2 a/

Recall that the TV-dimensional normalized Brownian motion {ß(t): t > 0} consists

of TV independent one-dimensional normalized Brownian motions, i.e.

ß(t) = (ßx(t),...,ßN(t))

where {ßj(t): t > 0} is a one-dimensional normalized Brownian motion. Let x0 =

(XqX,. .. ,x0N), x — (xx,... ,xN) E: R . Then

PX(S„) = 7>v{|j3(/) - x0|< fi0, ||3(i) |< I/« for* G .7 =[«/, (1 - a)t]}

> Px{Forj = l,...,N,\fij(t) - x0j\< So/JN^ßjis)|< 1/n /zV for* G /}

= (Px[\ßx(t) - xox\<80/{Ñ,\ßx(s)\<l/n{N fors ej})N

by independence

^ Jf0 exp{ -772zz2(l - 2a)7V2//8(l - e)}

by our one-dimensional results where

(6.12)    K^'8"*
iÑnatj   \"

\»       Í     |x|2      (N\x0\2 + 82)
exp^ — -^—- -er.    □

2a? at
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In [2] we indicate how ideas from this section can be combined with the L2 theory

of — A + c/\x\2 developed by quantum theorists to give a complete proof of

Theorem 2.2(ii) for the case of / = 0 and ß = R^. Incidently, [2] contains a list of

some of the L2 references.

7. Concluding remarks.

Remark 7.1. The potential V(x) - c/\x\2 is of the form V= -A(p/<¡> where

4>(x) =| x \~a and c = (N — 2 — a)a. Theorem 2.2 extends to cover potentials of the

form V— —A<p/<p where <b > 0, A<¡> G L'loc(ß), f<bu0 < oo, f0T/n/<¡> < oo and the

weighted Sobolev estimate

\/m i \ 1/2)\/m i \

<c /|v/i|¥+/|ä|¥
\      il il f

holds for some m>2. (This last estimate reduces to (4.12) for <i>(x) =|x \~a and for

h a radial function.)

Remark 7.2. Theorem 2.2(ii) extends to establish the nonexistence of solutions for

certain nonlinear problems. For instance, consider (P) in which the term V(x)u is

replaced by the nonlinear term W(x, u)u, where W(x, u) s* c|x|2 holds for all

(x, u) G ß X R and c > C*(N). Then no nonnegative solution to (P) can exist in

that the approximating solutions w„ of (P„) approach infinity on all of ß X ]0,T],

Remark 7.3. It is well known that the solution of the Cauchy problem 3m/3/ -

Au = 0, u(x,0) = 0 is not unique (for (x, t) ERN X ]0, oo[). Nonuniqueness also

holds for (P). This will be shown by one of us in a separate paper [1].

Appendix: Proof of inequality (4.12). If 0 < n G C'[0,2r] and h(2r) = 0, then we

claim that

2 \l/2

s"-xds(A,)      (/Vw^p^fw
where a — N — 2a > 2, m~x = 2~x — a~x, and K0 is a constant, depending only on

a. For the proof, integration by parts gives

<lrUm( „\*a-\ A, -   -™   (2rum-U^dh(s)„n"(i)i'-,*= -- f2rh""x(s)^P-s"ds
Jo a Jo ds

T,s7«(s2i""!w}(r^^)'lrif
<m

1/2

sa~xds

Thus to establish (A.l) it suffices to show

(.    ,,   . 2 \ m —2/2

from which it follows that (A.l) holds with /£0 = [Kxm2/a2]x/m which depends only

on a.
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For (A.2) we note that 2/(m — 2) = a/m, and so

sup {s2/(m-2)h(s)} = sup {sa/m[h(s) -h(2r)]}

[0,2 r] [0,2 r]

suplsa/mf2r(-h'(o))da

sup\sa/mlf2r&x-ado\     lf2rh'(o)2oa~xdo

supM(s)]( (2rh'(o)2oa~xdo)
n->H > \JQ I

1/2

[0,2 r) '  KJ0

where M(s) = sa/m(j2rox~a ds)x/1. On (0,2r) we have

M2(s) = s2a/m{(2rf-a - s2~a)(2 - af1

= ((2z-)2~V"/m-l)(2-a)~1

since 2a/m + 2 — a = 0; hence

^-M2(s) = (2z-)2~û(2 - a)-1 — s2a/m'x < 0
as m

because a > 2. Thus sup[02r] Ai2(s) = M2(0) = (a — 2)~x, and so (A.2) holds with

Kx=(a- 2)-<m-2>/2.

Next we deduce (4.12). Fix p > 0 and let r > p. Let h G C'(0, r). Let £ G C'[r,2r]

satisfy 0 < £ < 1, | = 0 in [r + p/2,2r], £ = 1 in [r, r + p/4], and 0 > £' » -5/p

in [/",2z-]. Let ^(j) be /z(i) or zi(2z- — s)£(s) according as s G [0, r) or s G [/-, 2r].

Then by (A.2),

lfhm(s)sa-xds}2/m<(f2r4>m(s)sa-xds}2/m^K2[f2rr(s)2sa-xds]j

K2

<K;

fh'(s)2sa- xds + 2 f2rh'(2r - s)2è(sfsa-x ds
J0 Jr

+ 2Í2rh(2r-s)2^'(s)2sa~xds
Jr

(let a = 2r — s)

fh'(s)2s"-xds + 2f      h'(o)2(2r-o)a~Xdo

+ 2 fr~P/4h(o)2t'(2r - o)2(2r - a)""' do

*ZK 1 +2
r + P/2 fh'(s)
r-p/2

2„2tr + p/2"

r-p/2

K2 fh'(s)2s"-xds + K3 fh(s)2s"-xds
Ja Ja

2sa~xds

fh(s)2s"-xds
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where

(A.3) K2=[(a - 2)2'mm2/a2}2/m(l + T)p~2 s K2(a, p),

(A.4) K3 = 25[(a - 2)2-mm2/a2]2/m2"p-2 = K3(a, p).

This proves (4.12). Now we study K2 and K3 as functions of a. (Note that these

are dependent on p.) Since m < oo we have a < (n — 2)/2. For a -» (N — 2)/2 we

observe the following. Write a = (TV — 2)/2 — £, £ > 0. Then a = N — 2a = 2 + 2e,

m = 2a/(a — 2) « 2/e, and

[(a - 2)2-mm2/a2]2/m ~[(2e)2_2/V2]£ « 22e-2£2-2-2E = j^2.

Thus each of K2 and A3 behaves like

Const p~2[((N - 2)/2) - a] ~2

as a -» (TV — 2)/2. Thus AT2 and Ä^3 blow-up in an inverse square manner in each

variable.
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